We experimentally demonstrate a spatio-temporal modulated metasurface reflectarray that is capable of dynamical wave-front shaping and nonreciprocal propagation of free space electromagnetic waves. Arbitrary space-time phase distributions in reflection are achieved by embedding electronically modulated elements into the resonators of our metasurface. Our experimental measurements reveal on-demand wave-front control of frequency conversion processes. We also demonstrate maximum violation of Lorentz reciprocity in both beam steering and focusing due to nonreciprocal excitation of surface waves. We develop an analytical generalized Bloch-Floquet theory valid for arbitrary modulations, providing excellent agreement with the experiments. Our ultrathin and lightweight spatio-temporal modulated metasurface will enable novel functionalities for wireless communications, imaging, sensing, and nonreciprocal electromagnetic isolation.
The control and manipulation of electromagnetic waves play a critical role in attaining emerging functionalities and enhanced performance of photonic systems. Spatio-temporal modulated metasurfaces (STMMs) -dynamic two-dimensional arrays of subwavelength resonators with arbitrary reflection amplitude and phase reconfigurability -have the potential to revolutionize fundamental and applied photonics (1) . Just as their static counterparts (2) (3) (4) (5) , STMMs can also enable arbitrary wave-front engineering with the key advantage of on-demand reconfigurability and control of the frequency and momentum harmonic contents of scattered waves. Although active metasurfaces have been demonstrated through functional materials integration (6) (7) (8) (9) (10) , they are far from sufficient to realize fully reconfigurable functionalities. At microwave frequencies, arbitrary spatio-temporal phase distributions can be attained in STMMs with embedded varactors whose capacitances are locally modulated in time and space, enabling a fully controllable electromagnetic response.
In addition, the space-time control of STMMs allows us to investigate electromagnetic reciprocity (11, 12) . The Lorentz reciprocity theorem states that the role of source and detector can be interchanged in optical systems that possess symmetric optical tensors, are linear, and timeindependent. Whenever any of these conditions does not hold, opportunities exist to break Lorentz reciprocity. For example, an STMM can focus a collimated beam ( Fig. 1A ), but the time-reversed process is not allowed (Fig. 1B ). Various approaches have been proposed and implemented to break reciprocity, including the use of magneto-optical effects (13, 14) and nonlinear media (15, 16) . Spatio-temporally modulated waveguides and slot antennas have also been shown to achieve nonreciprocal guided modes (17) (18) (19) and beam steering (20) , respectively. A handful of theory works have proposed dynamical metasurfaces to realize nonreciprocal wave-front engineering (21, 22) . Recently, active (23) and nonreciprocal (24) beam steering have been reported using "coding" metasurfaces. However, truly multifunctional spatio-temporal modulated metasurfaces able to dynamically imprint and control arbitrary wave-fronts of free-space electromagnetic waves, including maximum breakdown of Lorentz reciprocity, have not been experimentally demonstrated to date.
Here, we present a STMM reflectarray that enables arbitrary space and time modulations for dynamical wave-front shaping and nonreciprocal scattering, and demonstrate linear and parabolic phase distributions into different frequency and momentum harmonics. We furthermore show maximum breakdown of Lorentz reciprocity by reflecting into propagative modes in forward scattering but into surface waves in reverse scattering. To model the experimental results, a generalized Bloch-Floquet theory is developed, which is valid for general spatial phase distributions.
A conceptual illustration of a STMM is shown in Fig. 1A We designed and fabricated an STMM on a commercially available double copper clad FR-4 substrate (Figs. 1C-D). The resonators incorporate two varactor diodes and two capacitors in order to keep a small form factor of the unit cell while providing the required tunability. We restricted the modulation to one dimension by connecting resonators in each column, resulting in spatial modulation among different columns (i.e., along the x-direction) but invariant among rows (y-direction). This maintains advanced functionality while reducing design and control complexity. Each column is modulated with a desired voltage and phase using a programmable multi-output function generator (25) .
The unmodulated reflectarray metasurface was characterized inside an anechoic chamber at 10 o incidence as a function of frequency for various static bias voltages applied on all the varactors. Fig. 2A shows measured reflectivity for p-polarized light, with the electric field component parallel to the surface along the x-direction and the magnetic component along the ydirection. At the operating voltage ( () = 2 V) a resonance appears around 6.6 GHz. We operate away from the resonance in order to increase conversion efficiency into frequency harmonics (25), however; moving too far from resonance degrades phase dispersion and breaks the linear 789 vs relationship. For these reasons, we operate at <= = 2 × 6.9 GHz (wavelength <= = 4.3 cm) which is a good compromise between reflection efficiency, phase dispersion, and linearity.
We describe the response of the full array of sub-wavelength resonators with an effective 2D conductivity ( , ; ) = () ( ) + [∆ G ( ) + ∆ I ( )]sin[ ( ) − Ω ]. Here, () ( ) is the unmodulated complex conductivity when () is applied on all varactors and ∆ G,I ( ) are the modulation amplitudes. We extract () ( ) and estimate ∆ G,I ( ) from reflectivity measurements and standard Fresnel equations for multilayered systems (25) . When a plane wave K <= ( , , ) =
with in-plane momentum <= impinges on the STMM, the reflected field is given as (25) frequency Ω = 2 × 50 kHz (Fig. 2B) . We vary the phase gradient along the x-direction and show beam steering of the +1 harmonic from +40 o to -40 o . We observe high quality beam steering, with low sidebands, a consistent amplitude for a wide range of angles, and ~ 0.1% conversion efficiency (26). Measurements were carried out with a vector network analyzer in continuous wave operation at 6.9 GHz with a 100 Hz resolution and a detector swept in frequency to measure the generated harmonics. The source (6.3 mW input power) and the detector are both broadband horn antennas.
For the case of focusing, the required phase distribution to focus a specific frequency harmonic … ≠ 0 at an arbitrary focal point ‰ = ( ‰ , ‰ , ‰ ) is d .
All other harmonics ≠ … do not result in perfect focusing, and the case n=0 always undergoes specular reflection in STMMs (25) . In contrast to the steering case, the magnitude and sign of direction. Using our theoretical approach, we compute the electromagnetic distribution for the = … = +1 harmonic (Fig. 2C ). The ability of our STMM to achieve arbitrary dynamical focusing is experimentally shown in Figs. 2D and 2F. The source is the same as above, and the detector is a quarter-wave monopole with a ground plane (25) . Unlike steering, which is largely aperture agnostic, focusing requires consideration of the metasurface's overall dimensions (25) . With a surface in the electric field direction measuring • = 19 cm (≈ 4 <= ), a short focal length was necessary for measurable gain, otherwise weak focusing effects are indistinguishable from the usual plane wave like character of the harmonics. In the on-axis focusing experiment, a focal length of ℓ ‰ = 15 cm was used. It is apparent that focusing has been achieved by examination of the increased power and rapid falloff of the signal. At distances ℓ < 13 cm (measured from the STMM center along the focal axis) we approach the near-field region of the metasurface, resulting in strong interaction between the scanning monopole and the STMM, which is responsible for the observed interference pattern. For the off-axis experiment, the focal length is ℓ ‰ = 16 cm and we observe a much tighter focus due to minimized interference and shadowing effects. In both cases, to evaluate the quality of the focusing we estimated the gain along the focal axis. We define gain as the ratio between the power of the focused beam at frequency coe (obtained by modulating our STMM with d …koe (OE•{ ( )), and that of a beam steered at the same frequency coe into the direction of the focal axis (obtained with the appropriate {•]]9 ( )). Fig. 2E compares the experimental gain with the theoretical predictions using an extension of our theory approach to finite-sized STMMs (25) . At the focal point, theory predicts a gain of 4.71 dB for off-axis, while the corresponding measured value is 4.8 dB, showing a very good agreement. Note that both the theoretical and experimental gains do not peak at the focal length ℓ ‰ , but at a distance ℓ < ℓ ‰ due to the finite size of our metasurface.
Now we turn our attention to showing nonreciprocal beam steering. In Fig. 3A we show the n = +1 beam steered to an angle coe ≈ +18 o from a normally incident quasi-plane wave (see Fig. 3C for the calculated reflected field distribution). Then, by swapping the roles of source and detector, the reflected beam is sent back onto the metasurface, i.e. (− <= − , <= + Ω). To check reciprocity, a frequency down-conversion process must take place in order to reflect with frequency <= . However, the reverse reflected field then corresponds to plane waves with momentum-frequency (− <= − 2 , <= ), and one does not recover the original beam. The measured reverse reflection is shown in Fig. 3B , with a reflection angle of ≈ -36° in excellent agreement with the angle -37.1° predicted by theory (Fig. 3D ). When the phase gradient results in forward reflection angles larger than ≈ +30°, the backward scattered beam does not reflect off A similar structure is observed in the reverse experiment (Fig. 4C) . The metasurface is excited by the monopole antenna emitting at frequency coe , and the scattered power from the STMM at frequency <= is measured by the detector in the far-field as a function of and ℓ. The distribution of scattered power in the reverse experiment bears little resemblance to the original input beam. It has a concave "wedge-shaped" region with low radiated power at the center, in stark contrast to the input Gaussian profile. The angular position of the measured peaks of the power distribution match theory predictions (25) . Similar results are obtained for nonreciprocal on-axis focusing.
These observations constitute the first experimental demonstration of nonreciprocal focusing functionality using STMMs.
In summary, we have demonstrated an STMM platform capable of dynamical beam steering, focusing, and nonreciprocal propagation. By independently addressing each individual resonator, our platform can be extended to achieve fully three-dimensional dynamical wave-front shaping. We have also developed an analytical approach to model STMMs with arbitrary phase distributions, and its predictions are in excellent agreement with experiment. The simple sinusoidal temporal modulation chosen in this work can be generalized to more complex ones through appropriate control systems, opening opportunities for advanced manipulation of both the frequency and momentum harmonic contents of the scattered wave-fronts. Use of alternative materials and active elements (e.g., integration of graphene into plasmonic resonators modulated by a back gate voltage) should permit extension of STMMs to the THz and IR frequency range.
Finally, our demonstration of maximum violation of Lorentz reciprocity for arbitrary wave-fronts supports emerging technologies benefiting from free-space optical isolation, such as nonreciprocal wireless devices. 
